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ABSTRACT
The chiral phase transition at high temperature and/or density is interpreted in
terms of Georgi’s vector limit. We discuss three cases as possible support for this
scenario: Quark-number susceptibility, cool kaons in heavy-ion process and an
instanton-molecule picture for chiral restoration. Both the notion of “mended
symmetry” and the Georgi vector limit are suggested to be relevant in nuclear
physics of dense matter.
One of the most intriguing – and largely unsettled – problems in strong interaction
physics is how chiral symmetry is restored in matter as it becomes hot and/or dense. In
this letter, we propose that the symmetry restoration involves the “vector limit” put forward
by Georgi some years ago[1]. Georgi envisaged the vector limit to be appropriate in the large
Nc limit where Nc is the number of colors and supposed that Nature with Nc = 3 is close
to the limit, so that the departure from the limit could be treated as a perturbation. Here
we are proposing that the vector limit is appropriate in QCD at the chiral phase transition
in hot and/or dense hadronic matter. As support to our proposal, we shall discuss three
cases: 1) lattice gauge calculations on quark-number susceptibility at high temperature;
2) “cool” kaons observed in heavy-ion collisions; 3) an instanton-molecule model for chiral
phase transition.
The Georgi vector limit
We begin by sketching the essential points of the Georgi vector symmetry and vector
limit[1]. Consider two chiral flavors u(p) and d(own), with chiral symmetry SU(2)L ×
SU(2)R. The standard way of looking at this symmetry is that it is realized either in Nambu-
Goldstone (or Goldstone in short) mode, with SU(2)L×SU(2)R broken down spontaneously
to SU(2)L+R or in Wigner-Weyl (or Wigner in short) mode with parity doubling. Georgi
observes, however, that there is yet another way of realizing the symmetry which requires
both Goldstone mode andWigner mode to co-exist. Now the signature for anymanifestation
of the chiral symmetry is the pion decay constant fpi
〈0|Aiµ|pij(q)〉 = ifpiqµδij (1)
whereAiµ is the isovector axial current. The Goldstone mode is characterized by the presence
of the triplet of Goldstone bosons, pii with i = 1, 2, 3 with a non-zero pion decay constant.
The Wigner mode is realized when the pion decay constant vanishes, associated with the
absence of zero-mass bosons. In the latter case, the symmetry is realized in a parity-doubled
mode. The Georgi vector symmetry we are interested in corresponds to the mode (1) co-
existing with a triplet of scalars Si with fS = fpi where
〈0|V iµ |Sj(q)〉 = ifSqµδij (2)
where V iµ is the isovector-vector current. In this case, the SU(2) × SU(2) symmetry is
unbroken. At low T and/or low density, low-lying isovector-scalars are not visible and
hence either the vector symmetry is broken in Nature with fS 6= fpi or they are “hidden” in
the sense that they are eaten up by vector particles (a` la Higgs). In what follows, we would
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like to suggest that as temperature and/or density rises to the critical value corresponding
to the chiral phase transition, the symmetry characterized by
fS = fpi (3)
is restored with the isovector scalars making up the longitudinal components of the massive
ρ mesons, which eventually get “liberated” at some high temperature (or density) from the
vectors and become degenerate with the zero-mass pions at T >∼ TχSR where TχSR ∼ 140
MeV is the chiral transition temperature. The symmetry (3) with the scalars “hidden” in
the massive vector mesons resembles Weinberg’s mended symmetry presumed to be realized
near the chiral symmetry restoration[2], so we shall refer to this as “mended symmetry.”
We shall reserve “Georgi vector limit” as the symmetry limit in which (3) holds together
with mpi = mS = 0.
The relevant Lagrangian to use for illustrating what we mean is the hidden gauge sym-
metric Lagrangian of Bando et al [3] which is valid below the chiral transition#1,
L = 1
2
f2
{
Tr(DµξLDµξ
†
L) + (L→ R)
}
+ κ · 1
4
f2Tr(∂µU∂µU
†) + · · · (4)
where
U = ξLξ
†
R,
DµξL,R = ∂
µξL,R − igξL,Rρµ,
ρµ ≡ 1
2
τaρaµ (5)
and g stands for the hidden gauge coupling. The ellipsis stands for other matter fields
and higher-derivative terms needed to make the theory more realistic. The ξ field can be
parametrized as
ξL,R ≡ eiS(x)/fSe±ipi(x)/fpi (6)
with S(x) = 12τ
aSa(x) and pi(x) = 12τ
apia(x). Under the global chiral SU(2)L × SU(2)R
transformation,
ξL → LξLG†, ξR → RξRG† (7)
with L(R) ∈ SU(2)L(R) and G ∈ SU(2)local is the hidden local transformation. The La-
grangian (4) is invariant under G. Thus the symmetry of the Lagrangian (4) is (SU(2)L ×
SU(2)R)global ×Glocal. Setting S(x) = 0 corresponds to taking the unitary gauge in which
case we are left with physical fields only (i.e, no ghost fields).
#1We will ignore the small quark masses and work in the chiral limit, unless otherwise noted.
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At tree level, we get that
fS = f, fpi =
√
1 + κf (8)
and the ρpipi coupling
gρpipi =
1
2(1 + κ)
g. (9)
Going to the unitary gauge, one gets the KSRF mass relation
mρ = fg =
1√
1 + κ
fpig = 2
√
1 + κfpigρpipi. (10)
Now we know from experiments that at zero T (or low density), the κ takes the value −12
for which the KSRF relation is accurately satisfied. The symmetry (3) therefore is broken.
The symmetry is recovered for κ = 0 in which case the second term of (4) that mixes L and
R vanishes, thus restoring SU(2)×SU(2). In this limit, the hidden gauge symmetry swells
to GL ×GR, and ξL,R transform
ξL → LξLG†L, ξR → RξRG†R. (11)
If the gauge coupling is not zero, then the ρ mesons are still massive and we have the
mended symmetry (3). However if the gauge coupling vanishes, then the vector mesons
become massless and their longitudinal components get liberated, giving the scalar massless
multiplets S(x). In this limit, the symmetry is the global [SU(2)]4. Local symmetry is no
longer present.
We shall now argue that in hot and/dense matter approaching the chiral restoration,
the constant κ → 0 and the gauge coupling g → 0. For this purpose, we shall extrapolate
a bit the results obtained by Harada and Yamawaki[4]. These authors studied the hidden
gauge Lagrangian (4) to one loop order and obtained the β functions for the hidden gauge
coupling g and the constant κ (in dimensional regularization)
βg(g) = µ
dg
dµ
= −87− a
2
12
g2
(4pi)2
, (12)
βκ(a) = µ
da
dµ
= 3a(a2 − 1) g
2
(4pi)2
(13)
with a = 11+κ . One notes that first of all, there is a nontrivial ultraviolet fixed point at a = 1
or κ = 0 and that the coupling constant g scales to zero as ∼ 1/ ln µ in the ultraviolet limit.
This perturbative result may not be realistic enough to be taken seriously – and certainly
cannot be pushed too high in energy-momentum scale but for the reason given below, we
think it plausible that the Harada-Yamawaki results hold at least qualitatively as high T
(or density) is reached. In fact we expect that the gauge coupling should fall off to zero
much faster than logarithmically in order to explain what follows below.
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Quark-number susceptibility
As a first case for the scenario sketched above, we consider the lattice gauge calculations
by Gottlieb et al [6] of the quark-number susceptibility defined by
χ± = (∂/∂µu ± ∂/∂µd) (ρu ± ρd) (14)
where the + and − signs define the singlet (isospin zero) and triplet (isospin one) suscep-
tibilities, µu and µd are the chemical potentials of the up and down quarks and
ρi = TrNiexp

−β(H − ∑
j=u,d
µjNj)

 /V ≡ 〈〈Ni〉〉/V (15)
with Ni the quark number operator for flavor i = u, d. One can see that the χ+ is in the
ω-meson channel and the χ− in the ρ-meson channel. For SU(2) symmetry, we expect
χ+ = χ− and this is what one observes in the lattice results. One can classify the lattice
results by roughly three temperature regimes. Focusing on the non-singlet susceptibility,
we see that in the very low temperature regime, the χ− is dominated by the ρ meson and is
small. As the temperature moves toward the onset of the phase transition, the χ− increases
rapidly to near that of non-interacting quarks. This regime may be described in terms
of constituent quarks. In RPA approximation of the constituent quark model as used by
Kunihiro[7], the susceptibility below the critical temperature is
χ =
χ0
1 +Gvχ0
(16)
where Gv is the coupling of the constituent quark (denoted Q) to the vector meson ρ and
χ0 is the susceptibility for non-interacting quarks which at T ≈ TχSR where the dynamical
mass mQ has dropped to zero has the value
χ0 ≈ NfT 2 (17)
with Nf the number of flavors. In terms of the gauge coupling of (4), we have
Gv ≈ g
2
4m2ρ
. (18)
As noted by Kunihiro in the NJL model, the rapid increase of the susceptibility can be
understood by a steep drop in the vector coupling across the TχSR. Let us see what we
obtain with the hidden gauge symmetry Lagrangian (4). If we assume that the KSRF
relation (10) holds at T near TχSR ≈ 140 MeV (the recent work by Harada et al [5] supports
this assumption) and that χ0 ≈ 2T 2χSR for Nf = 2, then we find
χ(TχSR)/χ0(TχSR) ≈ 1
1 + 12(
TχSR
fpi
)2
≈ 0.47 (19)
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with κ = 0. Here we are assuming that fpi remains at its zero temperature value, 93 MeV,
up to near TχSR. The ratio (19) is in agreement with the lattice data at T <∼ TχSR.
Let us finally turn to the third regime, namely above TχSR. It has been shown by Prakash
and Zahed [8] that with increasing temperature, the susceptibility goes to its perturbative
value which can be calculated with perturbative gluon-exchanges. The argument is made
with the dimensional reduction at asymptotic temperatures, but it seems to apply even at
a temperature slightly above TχSR. We will later make a conjecture why this is reasonable.
We shall schematize the Prakash-Zahed argument using the dimensionally reduced model of
Koch et al [9] which hints at the onset of the Georgi vector limit. In this model which exploits
the “funny space” obtained by interchanging z and t (somewhat like “moduli transform”),
the helicity-zero state of the ρ meson is found to come out degenerate with the pion while
the helicity ± states are degenerate with each other. In finite temperature, z replaces T , so
asymptotically in T , the configuration space with the new z becomes 2-dimensional with x
and y. The ρ meson has gone massless and behaves like a (charged) photon with helicities
± 1 perpendicular to the plane. The helicity-zero state originating from the longitudinally
polarized component of the ρ before it went massless now behaves as an isotriplet scalar.
We identify this with the scalar S(x) described above, a realization of the Georgi vector
symmetry.
Let us assume then that the vector mesons have decoupled with g = 0. Going to the
perturbative picture with quark-gluon exchanges, we take one-gluon-exchange potential of
Koch et al,
V (rt) =
pi
m2
4
3
g¯2Tσz,1σz,2δ(rt) (20)
with g¯ the color gauge coupling and δ(rt) is the δ-function in the two-dimensional reduced
space. Here m = piT is the chiral mass of quark or antiquark as explained in [9]. Possible
constant terms that can contribute to eq.(20) will be ignored as in [9]. In order to evaluate
the expectation value of the δ(rt), we note that the helicity-zero ρ-meson wave function in
two dimensions is well approximated by
ψρ ≈ Ne−rt/a (21)
with a ≈ 23 fm and the normalization
N2 =
2
pia2
. (22)
For the helicity ±1 ρ-mesons, σz,1σz,2 = 1, so we find that the expectation value of V is
〈V 〉 = 8
3
g¯2T
pi2T 2a2
. (23)
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Now summing the ladder diagrams to all orders, we get
χ
χ0
=
(
1 +
〈V 〉
2piT
)−1
, (24)
where the energy denominator 2piT corresponds to the mass of a pair of quarks.
The lattice calculations [6] use 6/g¯2 = 5.32 which would give αs = 0.07 at scale of a
−1
where a is the lattice spacing. (The relevant scale may be more like 2pi/a.) Calculations
use 4 time slices, so the renormalized g¯ is that appropriate to a−1/4. Very roughly we take
this into account by multiplying the above αs by ln 4
2; therefore using αs ∼= 0.19. With this
αs and the above wave function, we find
χ(T+χSR)
χ0(T
+
χSR)
≈ 0.68. (25)
This is just about the ratio obtained above TχSR in the lattice calculations. Remarkably
the perturbative result (25) above Tc matches smoothly onto the HGS prediction (19) just
below Tc. Neglecting logarithmic dependence of the gauge coupling constant, eq. (24) can
be written as
χ
χ0
(T ) ≈ 1
1 + 0.46(Tc/T )2
(26)
which follows closely the lattice gauge results of Gottlieb et al [6]. We consider this an
indication for the Georgi vector symmetry in action, with the induced flavor gauge symmetry
in the hadronic sector ceding to the fundamental color gauge symmetry of QCD in the
quark-gluon sector.
We should remark that to the extent that the screening mass obtained in [9] mpi =
mS ≈ 2piT is consistent with two non-interacting quarks and that the corresponding wave
functions obtained therein are the same for the pion pi and the scalar S, we naturally expect
the relation (3) to hold. A short calculation of the matrix element of the axial current Aµ
with the pi wave function in the “funny space” gives, for large T #2
f˜pi ∼ c
√
g¯T (27)
where c is a constant << 1 and g¯ is the color gauge coupling constant.
“Cool” kaons in heavy-ion collisions
The vanishing of the hidden gauge coupling g can have a dramatic effect on the kaons
produced in relativistic heavy-ion collisions. In particular, it is predicted that the kaons
produced from quark-gluon plasma would have a component that has a temperature much
#2We denote the constant by f˜pi to distinguish it from the physical pion decay constant fpi.
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lower than that for other hadrons. This scenario may provide an explanation of the recent
preliminary data[10] on the 14.6 GeV collision (experiment E-814)
28Si + Pb→ K+(K−) +X (28)
which showed cool components with effective temperature of 12 MeV forK+ and 10 MeV for
K−, which cannot be reproduced in the conventional scenarios employed in event generators.
The latter give kaons of effective temperature ∼ 150 MeV.
There are two points to keep in mind in understanding what is happening here. Firstly,
the Brookhaven AGS experiments determined the freeze-out – the effective decoupling in the
sense of energy exchange of pions and nucleons – at Tfo ≈ 140 MeV[11]#3. This is essentially
the same as the chiral transition temperature measured in lattice gauge calculations [12].
This suggests that the freeze-out for less strongly interacting particles other than the pion
and the nucleon is at a temperature higher than TχSR and that the pion and nucleon freeze
out at about TχSR. This means that interactions in the interior of the fireball will be at
temperature greater than TχSR. At this temperature, the vector coupling g would have
gone to zero, so the Georgi vector limit would be operative were it to be relevant. The
second point is that the fireball must expand slowly. The slow expansion results because
the pressure in the region for some distance above TχSR is very low [13], the energy in
the system going into decondensing gluons rather than giving pressure. This results in an
expansion velocity of v/c ∼ 0.1. In the case of 15 GeV/N Si on Pb transitions, the fireball
has been measured [14] through Hanbury-Brown-Twiss correlations of the pions to increase
from a transverse size of RT (Si) = 2.5 fm to RT = 6.7 fm, nearly a factor of 3, before
pions freeze out. With an expansion velocity of v/c ∼ 0.1, this means an expansion time of
∼ 25 − 30 fm/c. (The full expansion time cannot be measured from the pions which occur
as a short flash at the end.)
In a recent paper, V. Koch[15] has shown that given a sizable effective attractive in-
teraction between the K+ and the nucleon at the freeze-out phase, a cool kaon component
can be reproduced in the conditions specified above. We argue now that such an attractive
interaction can result if the Georgi vector limit is realized.
The description by chiral perturbation theory[16, 17, 18, 19] of kaon nuclear interactions
and kaon condensation in dense nuclear matter has shown that three mechanisms figure
prominently in kaon-nuclear processes at low energy: (1) the ω meson exchange giving rise
to repulsion for K+N interactions and attraction for K−N ; (2) the “sigma-term” attraction
for both K±N : (3) the repulsive “virtual pair term.” In effective chiral Lagrangians, the
#3The original determination of T >
∼
150 MeV from the ratio of isobars to nucleons by Brown, Stachel and
Welke [11] was corrected about 10 MeV downward by taking effects such as the finite width of the isobar
into account.
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first takes the form, ∼ ± 1
f2
K†∂µKN¯γ
µN for K±, the second ∼ ΣKN
f2
K†KN¯N and the third
term ∼ (∂µK)2N¯N#4. Roughly the vector-exchange gives the repulsive potential#5
VK+N ∼=
1
3
VNN ∼= 90 MeV ρ
ρ0
(29)
where ρ0 is nuclear matter density. This term is proportional to the hidden gauge coupling
g2. One can estimate the scalar attraction by the “sigma term”
SK+N ≈ −
ΣKN〈N¯N〉
2mKf2
∼= −45 MeV ρs
ρ0
(30)
where ρs is the scalar density and ΣKN is the KN sigma term. Being G-parity invariant,
this remains attractive for K−N interactions. The virtual pair term (proportional to ω2
where ω is the kaon frequency) – which is related to Pauli blocking – removes, at zero
temperature, about 60 % of the attraction (30). At low temperature, the net effect is
therefore highly repulsive for K+N interactions.
It is easy to see what happens as T → TχSR. First of all, part of the virtual pair repulsion
gets “boiled” off as discussed in [20]. What is more important, if the Georgi vector limit is
relevant, then the vector mesons decouple with g → 0, killing off the repulsion (29). As a
consequence, the residual attraction from the scalar exchange remains. The calculation of
Koch[15] supports this scenario. Given that the vector coupling is absent, one can see that
both K+ and K− will have a similar cool component.
Instanton-molecule model for chiral restoration
As a final case, we mention a microscopic model that seems to realize the Georgi vector
symmetry at high temperature.
In a model where the chiral phase transition is described as a change in the instanton
liquid from a randomly distributed phase at low temperature to an instanton-anti-instanton
molecular phase above TχSR, it has been observed[21] that the molecules get polarized in the
time direction and the interactions in the pion and the longitudinal vector channel become
identical. This leads to the degeneracy of the triplets of pi and ρ‖ which may be identified
with the scalar S. The interaction in the longitudinal vector-meson channel becomes equally
strong as attraction in the scalar-pseudoscalar channel, while transversely polarized vector
mesons have no interaction. If one assumes that the polarized molecules are the dominant
agent for interactions above TχSR, then one can see that all coupling constants in an NJL-
type effective Lagrangian so generated could be specified in terms of a single coupling
#4The Λ(1405) driven by the vector-exchange term plays an important role in K−p scattering but an
irrelevant role in kaon condensation and no role at all for K+N processes.
#5Note that by G-parity, this potential turns attractive for K−N .
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constant, implying the swelling of the symmetry in a manner closely paralleling the Georgi
vector symmetry. In this case, the restored symmetry is U(2)×U(2) since the axial U(1)A
is also supposed to be restored. Perturbative QCD effects are not expected to modify this
symmetry structure but it is not clear that no other non-perturbative effects can enter
to upset this. Nonetheless this is a microscopic picture consistent with the Georgi vector
symmetry.
Discussions
We have seen that the behavior of the quark number susceptibility with temperature, as
calculated in lattice gauge calculations, shows that the hadronic vector coupling disappears
as T moves upwards through TχSR, and that the perturbative color gluon exchange describes
the susceptibility well above TχSR, as argued by Prakash and Zahed[8]. Somewhat surprising
is the fact that the perturbative description, which gives a 1/T 2 behavior in the difference
χ(T ) − χ(0) between the susceptibility and that for free quarks, sets in just above TχSR;
i.e, for this purpose, asymptotia is T >∼ TχSR. Note that the screening mass of the ρ-meson
goes to 2piT , its asymptotic value, as soon as T reaches TχSR. Why is asymptotia reached
so soon?
We suggest that the relevant parameter for reaching asymptotia for this particular quan-
tity is T/mdyn; i.e, the ratio of temperature to dynamically generated mass. The tempera-
ture TχSR need not be very large as long as mdyn → 0 at TχSR in order to reach asymptotia
with this parameter.
While other viable explanations may be found in the future, as far as we know, the soft
kaons found in the E-814 experiment can be explained only if the vector-meson coupling is
essentially absent at the relevant temperature, and this is a strong support for the Georgi
picture in which the hidden gauge coupling constant “melts” at the temperature TχSR. Now
the gauge symmetry in the hidden local symmetry scheme is an “induced” gauge symmetry
lodged in hadronic variables. In this sector, the fundamental color gauge symmetry is
not visible. It is the induced flavor one that is seen. What we observe is then that as
T goes towards TχSR, the induced gauge symmetry gives way to the fundamental gauge
symmetry. What is surprising is that this changeover seems to take place suddenly, with
increasing temperature, the effective hadronic gauge symmetry applying for T < TχSR, and
the fundamental color gauge symmetry being realized perturbatively for T > TχSR.
Finally we would like to suggest that while the Georgi vector limit is relevant to the chiral
symmetry restoration at high temperature and/or high density, the “mended symmetry”
with κ = 0 and g 6= 0 (withmρ 6= 0) may also be relevant for nuclear physics at temperatures
and matter densities below the critical values. As pointed out by Beane and van Kolck[22],
it is the existence of a symmetry of this type (involving a light dilaton) that allows one
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to linearize the non-linear chiral Lagrangian of current algebra to the linear sigma model
at some shorter length scale, e.g., in nuclear medium. As discussed elsewhere[23] it is this
mechanism that allows a separation into two components of the scalar χ field that enters
into the trace anomaly of QCD and gives rise to the medium-scaling (so-called “BR scaling”)
proposed in ref.[24] of effective chiral Lagrangians in nuclear medium. For more discussion
on this issue, see refs.[23, 25].
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